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Abstract
Angular distributions of Thomson scattering are researched in the combined fields with a circularly polar-
ization of laser field and a strong uniform magnetic field. The trajectories of the electron and the dependence
of it on the initial phase are also given. It is found that the angular distributions with respect to the azimuthal
angle show twofold symmetry whatever the laser intensity, the order of harmonics, the resonance parame-
ter, and the initial axial momentum are. On the other hand, the radiation with respect to the polar angle is
mainly distributed in two regions which are roughly symmetric of the laser propagation. In addition, the
larger the laser intensity, the resonance parameters, the initial axial momentum are, the closer radiation is to
the laser propagation direction. Besides, a new possibility of X-ray production is indicated. That is to say,
with appropriate choice of laser and electron parameters, the high frequency part of the Thomson scattering
radiation can reach the frequency range of X-ray(1017Hz − 1018Hz).
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I. INTRODUCTION
Due to the rapid development of ultra-strong ultra-short laser technology, a new stage in the
study of the interaction between laser and matter is coming [1–6]. Without doubt, Thomson scat-
tering is a very important phenomenon during the interaction. Moreover, it is found that Thomson
scattering has a potential to produced atto-second or even zepto-second X-ray pulses[7, 8]. And
it is known that X-rays generated from Thomson scattering have many advantages. Thus, Thom-
son scattering which is produced by relativistic electrons in laser field has been put in progress
extensively[8–24].
In the very beginning, Salamin et al. research on a single electron in combined laser and mag-
netic field and obtain the general relativistic trajectory equations of the electron. It is also found
that the forward spectrum consists of only two peaks: Thomson peak and magnetic peak[15–17].
Then, the spectra of radiation in sin2 laser pulse with a uniform magnetic field is studied numeri-
cally, which shows that the forward and backward spectra are richer due to the uniform magnetic
field[17]. Since then, extensive researches have been carried out to figure out some details related
to Thomson scattering spectrum. For example, He et al. find the phase dependence of the radia-
tion spectra in a linearly polarized plane wave[12]. Contemporarily, He et al. reinvestigate similar
problems about Thomson scattering in the combination of an intense laser field and a uniform
magnetic field. The results show that the varying initial phases of the laser field bring about quite
different effect for the circularly and linearly polarized laser field[20]. In particular, the spatial
characteristics of Thomson scattering is firstly studied in a linearly polarized laser field by Lan
et al. in 2007[21]. It is shown that the spatial distributions of Thomson scattering depend sen-
sitively on the initial phase and the symmetry of the spatial distributions only appears when the
initial phase is 0 or pi. In the last two years, the properties of Thomson back-scattering spectra are
explored concretely in combined magnetic and laser fields [23, 24], where the scale invariance and
scaling law of the radiation spectrum with the relevant parameters such as the laser intensity, the
initial axial momentum are found.
In this paper, in order to understand deeply the properties of Thomson scattering, the spatial
angular distributions of the radiation spectrum are investigated, which is produced by moving elec-
tron in combined circularly polarized laser and magnetic fields. Based on the analytic trajectory
of the electron, the spatial angular distribution with respect to the polar angle and the azimuthal
angle through numerical integration is examined.
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The paper is organized as follows. In Sec.II, the equations of the momentum and trajectory of
the electron in combined laser and magnetic field are obtained. The computational formula of the
emission power detected far away from the electron in a random direction is also given. In Sec.III,
the trajectory of the electron and features of the angular distributions of Thomson scattering are
presented. The main conclusions are given in the final section.
II. BASIC EQUATIONS
In this paper, let’s consider the spacial angular distributions of Thomson scattering that the elec-
tron (with mass m and charge −e) moves in the simultaneous laser and magnetic field. Assuming
that the external magnetic field of strength B0, while the laser field is a circularly polarized plane
wave with vector potential amplitude A0 and frequency ω0. The laser propagation direction and
the magnetic direction are both along the positive z-direction. By denoting the phase of the laser
field as η = ω0t − k · r, where k and r are the laser wave vector and electron displacement vector
respectively, the combined fields can be expressed by the total vector potential:
A = A0
[
− sin ηiˆ + cos ηjˆ
]
+ B0xjˆ, (1)
In order to simplify the calculations later, we shall normalized time by 1/ω0, distance by 1/k0
and velocity by c, momentum by mc, vector potential by E0/mω0c, and the magnetic field by
eB0/mω0c. Since an electron moves in a constant-amplitude circularly polarized laser filed, the
constant of the motion is readily obtained as ς = γ − pz = γ0 − pz0, where γ is the electron
relativistic factor, pz is the z component of the electron relativistic momentum and γ0, pz0 are the
initial value of them. From Eq.(1), the corresponding electric fieldE and magnetic fieldB can be
obtained. Then, substituting them into the relativistic Lorentz force law, the momentum equations
of the electron yields:
d2px/dη2 + ωb2px = (ωb + 1)a sin η, (2)
d2py/dη2 + ωb2py = −(ωb + 1)a cos η, (3)
where a = eA0/mc2 is the normalized laser intensity and ωb = b/ς is the cyclotron frequency of
the electron motion in the combined field normalized by eB0/mω0c.
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Assuming that at t = 0 the electron is static and located at x0 = 0, y0 = 0, z0 = 0 with η = ηin =
−z0. By solving Eqs.(2) and (3) and then integrating, the momentum p(px, py, pz) and trajectory
r(x, y, z) equations of the electron can be obtained:
px = na
{
sin η − sin [ωbη − (ωb − 1) ηin]} , (4)
py = na
{− cos η + cos [ωbη − (ωb − 1) ηin]} , (5)
pz =
2n2a2
ς
sin2
[
(ωb − 1) (η − ηin)
2
]
+
1
2ς
− ς
2
, (6)
x(η) =
na
ς
{
− cos η + 1
ωb
cos
[
ωbη − (ωb − 1) ηin] − ( 1
ωb
− 1
)
cos ηin
}
, (7)
y(η) =
na
ς
{
− sin η + 1
ωb
sin
[
ωbη − (ωb − 1) ηin] − ( 1
ωb
− 1
)
sin ηin
}
, (8)
z(η) =
(
na
ς
)2 {
(η − ηin) − 1
ωb − 1 sin
[
(ωb − 1) (η − ηin)]} + (1 − ς22ς2
)
(η − ηin) , (9)
where n is the resonance parameter defined as n = 1/ (ωb − 1) in our previous work[22]. Thus, the
strength of external magnetic field B0 = (1 + 1/n)(
√
1 + p2z0 − pz0)mω0c/e ≈ (1 + 1/n)(
√
1 + p2z0 −
pz0)/λ(µm), which is related to the resonance parameter n and the initial axial momentum pz0
obviously. And from Eqs.(7) - (9), it can be seen that the electron trajectory is a rough helix and
periodic.
The angular distributions of the emission power detected far away from the electron in the
direction n (not to be confused with the magnetic resonance parameter n) can be calculated as
Ref.[25]:
d2I
dΩdω
=
e2ω2
4pi2c
|n × [n × F (ω)]|2 , (10)
F (ω) =
1
ς
∫ +∞
−∞
dηp(η) exp
{
iω
[
η − n · r(η) + z(η)]}, (11)
where the detected directionn = sin θ cosϕx+sin θ sinϕy+cos θz. Because the electron’s motion
is periodic with T = 2npi, we simplify Eq.(11) by an infinite series of delta functions and use the
same computing method with our previous work[23] to calculate the emission power along any
random direction. Similarly, there are a fundamental frequency ω1 = 2pi/(T − n · r0 + z0) and
harmonics of ω1 in this case too, so
F (ω) =
1
ς
+∞∑
m=−∞
Fmδ (ω − mω1) , (12)
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and the mth amplitude is
Fm = ω1
∫ ηin+T
ηin
dηp(η) exp {im2pih(η)}, (13)
with
h(η) =
η − n · r(η) + z(η)
T − n · r0 + z0 , (14)
where r0 = (0, 0,T
[(
na
ς
)2
+ 12
(
1
ς2
− 1
)]
) is the drift displacement vector of the electron during one
period.
Thus, based on Eq.(4)-Eq.(14), the angular distributions of Thomson scattering when an elec-
tron moves in the laser and magnetic fields can be calculated numerically. For simplicity, in the
paper, the parameters are chosen to make the radiation reaction effect(RRE) ignorable, which is as
same as our previous work[23].
III. NUMERICAL RESULTS AND ANALYSIS
In the following, the spatial features of the Thomson scattering are researched from two per-
spectives. One is spatial distributions with respect to the azimuthal angle ϕ, where the po-
lar angle θ = pi/2. Accordingly, the detected direction n = (cosϕ, sinϕ, 0), the fundamental
frequency ω1 = 2pi/(2pin + z0), and h(η) = [η − cosϕx(η) − sinϕy(η) + z(η)]/[2pin + z0]. An-
other one is spatial distributions with respect to the polar angle θ, where the azimuthal angle
ϕ = 0. Accordingly, the detected direction n = (sin θ, 0, cos θ), the fundamental frequency
ω1 = 2pi/[2pin + (1 − cos θ)z0], and h(η) = [η − sin θx(η) + (1 − cos θ)z(η)]/[2pin + (1 − cos θ)z0].
A. The electron’s trajectories
First of all, let’s study the electron’s trajectories in the combined laser and magnetic fields. As
an example, the electron’s trajectories for various ηin are shown in Fig.1, where the initial axial
momentum pz0, the laser intensity a, and the resonance parameter n are set as pz0 = 0, a = 2, n = 5
respectively. Due to the periodicity of phase η, the electron’s trajectories are calculated over three
optical cycles(the phase η varies from 0 to 30pi). Notably, the following results have nothing to
do with the optical cycles. The three dimensions trajectories of the electron are shown in Fig.1(a).
Obviously, the electron experiences a helically periodic motion in the combined fields. As shown
in Fig.1(b),(d), the projections of the electron’s trajectory in the xz plane as well as the yz one are
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FIG. 1: (color online)Electron’s trajectories in the combined laser and magnetic fields when ηin = 0, pi/2.
The initial axial momentum pz0 = 0, the laser intensity a = 2, and the resonance parameter n = 5. The
phase η varies from 0 to 30pi.
.
oscillating. It presents that the electron orbits drift in z direction. And it can be seen that over
one period T, the electron undergoes a net displacement r0 = (0, 0, z0), which is consistent with
our theory mentioned above. By comparison, it is found that the displacements are same both at
ηin = 0 and ηin = pi/2. Then, when we focus on the xoy plane shown in Fig.1(c), it can be seen that
the electron moves like drawing circles around and the shapes of the trajectories remain unchanged
for different initial phase. And from Fig.1(c), it is found that when the initial phase of the laser ηin
is different, the moving direction of the electron from the initial position is different.
B. The spatial distribution of the Thomson scattering
The above results show that the electrons, injected into the laser field at different phases, un-
dergo roughly the same movements, when other parameters are fixed. Thus for convenience, in
the following simulations the initial phase is set as ηin = 0.
Next, let’s concentrate on the spatial characteristics of Thomson scattering in the combined
laser and magnetic fields. First of all, the angular distributions of the emission with respect to
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FIG. 2: (color online)Spatial distributions of the mth harmonic radiation with respect to the azimuthal angle
ϕ (normalized by e2/4pi2c ). The different m, pz0, a and n are shown in (a), (b), (c) and (d) respectively. The
wavelength λ = 1µm, and the polar angle θ = pi/2. (a) a = 2, n = 5, pz0 = 0,m = 600, 1200, 2000, 3000;
(b)a = 2, n = 5, m = 1200, pz0 = 0, 1, 2, 3; (c) n = 5, pz0 = 0, m = 1200, a = 0.9, 1, 2; (d) a = 2, pz0 = 0,
m = 1200, n = 3, 4, 5.
.
the azimuthal angle ϕ are investigated. From our previous work Ref.[23], it is known that the
Thomson scattering spectrum is consisted of a series of harmonics. Here, m represents the order
of the harmonics. The azimuthal angle distributions of the emitted power for various parameters
with the harmonics order m, the laser intensity a, the resonance parameter n, and the axial initial
momentum pz0 are shown in Fig.2. The relevant parameters are chosen as (a) a = 2, n = 5,
pz0 = 0, m = 600, 1200, 2000, 3000; (b)a = 2, n = 5, m = 1200, pz0 = 0, 1, 2, 3; (c) n = 5,
pz0 = 0, m = 1200, a = 0.9, 1, 2; (d) a = 2, pz0 = 0, m = 1200, n = 3, 4, 5. We also suppose
that the wavelength of laser is 1µm and the polar angle θ = pi/2. Firstly, the spatial distributions
of radiation with respect to the azimuthal angle ϕ for different orders of harmonic are shown
in Fig.2(a). It can be seen that for different harmonic orders the radiation distributions exhibit
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different shapes. But, there is one thing in common, that is, they are all symmetric with respect
to y axis. Also, it is found that the strongest radiation mainly distributes between ϕ = pi and
ϕ = 2pi. Secondly, let’s focus on Fig.2(b), where the angular distributions of the emission with
respect to the azimuthal angle ϕ for different initial axial momentum pz0 are shown. Symmetry
of radiation distribution still exists, but it is no longer symmetric with respect to y axis when the
initial axial momentum pz0 = 1. Besides, when the initial axial momentum pz0 , 0, the strongest
radiation is approximately uniformly distributed. That is to say, whether the electron is stationary
initially has an effect on the distribution of Thomson scattering. Thirdly, as shown in Fig.2(c),
the symmetry of radiation distributions does not be broken if changing the laser intensity while
other parameters are fixed. Specially, when the laser intensity a = 0.9, the angular radiation
distribution is symmetric with respect to x axis not y axis. Lastly, the properties of the spatial
angular distributions for various resonance parameters are presented in Fig.2(d). It can be seen
that the radiation distribution is still symmetric with respect to y axis. And, in this case, the
strongest radiation mainly distributes between ϕ = pi and ϕ = 2pi.
In general, the angular radiation distributions with respect to the azimuthal angle ϕ show
twofold symmetry. When the electron is static initially, the strongest radiation is mainly con-
centrated in a certain angle range. On the contrary, the radiation is approximately uniformly
distributed with respect to the azimuthal angle ϕ.
On the other hand, the angular distributions of the emission in the combined laser and magnetic
fields with respect to the polar angle θ are investigated. The results are shown in Fig.3 for different
orders of harmonic radiation m and resonance parameter n, as (a)-(c) a = 0.5, n = 5, pz0 = 0,
m = 1200, 2000, 3000 and (d)-(f) a = 2, pz0 = 0, m = 1200, n = 10, 20, 50. It is apparently that
the spatial distribution of the strongest radiation with respect to the polar angle consists of two
lobes collimated in the forward direction. One is in the +xz plane, the other is in the xz plane.
From Fig.3(a),(b),(c), one can see that the maximum of the radiation energy emitted per unit solid
angle dΩ and per unit frequency interval dω decreases when the order of the harmonics increases
from 1200 to 3000. In addition, the maximum radiation strength appears at the same polar angle
even for different harmonic orders, which are axial symmetry of the laser propagation direction,
although the distributions in the upper plane and the lower one are not exactly the same. At the
same time, as shown in Fig.3(d)-(f), with the increasing of resonance parameter n, the emission
strength increases too, while the angle between the two regions gets smaller. That is to say, the
larger the resonance parameter n is, the closer the radiation distribution is to the laser propagation
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FIG. 3: (color online)Spatial distributions of the mth harmonic radiation with respect to the polar angle θ
(normalized by e2/4pi2c ). The wavelength λ = 1µm and the azimuthal angle ϕ = 0. (a)-(c): a = 0.5, n = 5,
pz0 = 0, m = 1200, 2000, 3000; (d)-(f): a = 2, pz0 = 0, m = 1200, n = 10, 20, 50.
.
direction. Moreover, under this condition, the radiation distributions are symmetric well with
respect to the laser-propagation direction(the z axis). By the way, based on the conclusions above,
in the following study we will focus on the spatial distributions of the 1200th harmonic radiation.
Meanwhile, the dependence of the spatial distribution of the radiation on the laser intensity and
the axial initial momentum of the electron is also researched. In Fig.4, the spatial distributions
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FIG. 4: (color online)Spatial distributions of the 1200th harmonic radiation with respect to the polar angle
θ (normalized by e2/4pi2c ). The wavelength λ = 1µm, the resonance parameter n = 5 and the azimuthal
angle ϕ = 0. (a) a = 0.5, pz0 = 0; (b) a = 2, pz0 = 0; (c) a = 0.5, pz0 = 5; (d) a = 2, pz0 = 5.
.
of the 1200th harmonic radiation are plotted for two sets of different parameters. One set in (a)
- (b) is for n = 5, pz0 = 0 but with different laser intensity a = 0.5, 2, and the other set in
(c)-(d) is the same as (a)-(b) except that the initial axial momentum is changed to pz0 = 5. By
comparing the two charts on the left with the other two on the right, it is firstly found that when
the laser intensity a increases from 0.5 to 2 the angle between the two regions gets smaller, and
the strength of the radiation increases sharply by two or three orders of magnitude. Secondly,
with the initial axial momentum pz0 becoming larger, the two radiation distribution regions get
closer to the laser-propagation direction, and the radiation gets stronger too. Specially, as shown
in Fig.4(d), the radiation is mainly in the laser-propagation direction(+z). Namely, the Thomson
forward scattering dominates under this case.
To sum up, the radiation with respect to the polar angle θ is mainly distributed in two regions
and this two regions are roughly symmetric of the laser propagation direction. Moreover, in case
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of the ignorance of RRE, the strength of radiation increases as the laser intensity a, the initial axial
momentum pz0 and the resonance parameters n increase. It is possible that the radiation can be
concentrated in the forward direction if an appropriate set of parameters is chosen.
C. The optimum observation direction
From above, it is known that the radiation with respect to the polar angle θ is mainly distributed
in two regions. In this section, we concentrate on one of them where the polar angle θ varies
from 0 to pi to study the best observation angle θmax, that is the maximum radiation intensity
angle, which is corresponding to the maximum radiation intensity d2I/dΩdtmax. Fig.5 shows the
evolution of the maximum radiation intensity angle θmax with various parameters. For Fig.5(a),
the parameters are chosen as the laser intensity a = 0.5, the resonance parameter n = 5, the
initial axial momentum pz0 = 0, and the order of harmonics m varies from 0 to 5000. With
the increase of harmonic order, it can be seen that the θmax changes slightly between 17 and 27
degrees, which is consistent with the conclusion in the previous section. Another point showed
from Fig.5(a) is that the radiation strength d2I/dΩdtmax decreases sharply to 0 when the harmonics
order increases. when the harmonics order m is between 1000 and 2000, the θmax does not change
much and the radiation strength d2I/dΩdtmax is probably moderate. So in the following three
figures, the harmonics order m = 1200 is fixed as an example. The variation of the θmax and
d2I/dΩdtmax with the initial axial momentum pz0 is shown in Fig.5(b). To ignore the radiation
reaction effect, the laser intensity a = 0.5, the resonance parameter n = 5 are chosen, and the
initial axial momentum pz0 varies from 0 to 20. It is apparent that the θmax is getting smaller when
the initial axial momentum pz0 is increasing. When the initial axial momentum pz0 is bigger than
10, we can see the θmax is infinitely close to 0 degree. That is to say, if the electron moves fast
enough along the +z axis initially, the radiation can be focused on the forward. Influence of laser
intensity on angular distribution of radiation is shown in Fig.5(c). It presents that the optimum
observation direction θmax changes observably when the laser’s intensity is smaller than 6, and the
radiation strengthens with the increase of the laser intensity. Besides, from Fig.5(c), It is also can
be seen that when the laser intensity a belongs to 6-20 interval, the radiation mainly distributes
approximately within the range of 0-2.5 degrees from the +z axis. For circularly polarized laser
field, we have a = 2
√
I0λµm/(1.38 × 2). So, when a = 5, λ = 1µm, we can estimate the laser
power density as I0 = [(1.38 × 2)a2/λ2µm] × 1018W/cm2 ≈ 7 × 1019W/cm2. Thus, it is worth
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FIG. 5: (color online)The variation of the maximum radiation intensity angle on various parameters for (a)
the order of harmonics m, (b) the initial axial momentum pz0, (c) the laser intensity a, (d) the resonance
parameters n. The red solid line represents the angle and the blue short dash line represents the radiation
intensity. The wavelength λ = 1µm, and the azimuthal angle ϕ = 0. (a) a = 0.5, n = 5, pz0 = 0. (b)
a = 0.25, n = 5, m = 1200. (c) a = 5, pz0 = 0, m = 1200. (d) a = 0.25, pz0 = 0, m = 1200.
.
noting that the RRE can be ignored when the laser field is weak (smaller than 6). Otherwise,
the radiation of the electron is very complex and the RRE should be taken into consideration.
Fig.5(d) shows the effect of the external magnetic field on the spatial distribution of radiation.
One can see that with the increase of n, the θmax gets smaller and the d2I/dΩdtmax increases. By
the way, from our previous work Ref.[24], the external magnetic field B0 can be approximated as
B0 ≈ (1 + 1/n)(100MG) when pz0  1. Here, we choose n = 100, pz0 = 0, and the corresponding
magnetic field B0 ≈ (1 + 1/100)(100MG) ≈ 100MG. That is to say, when the intensity of the
magnetic field reaches about 100 megabytes of Gauss, the radiation can be well observed from the
forward direction(θmax ≤ 5 degrees).
In addition, a very important result is found here. Taking Fig.5(a) as an example, the laser in-
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tensity a is 0.5, the resonance parameter n is 5, and the initial axial momentum pz0 equals 0. When
the harmonics order is 1200, θmax is 25.2 degrees and then one can get the radiation’s frequency
ω/ω0 = 1.5048 × 102. When the harmonics order is 5000, θmax is 22 degrees and the according
radiation’s frequency ω/ω0 = 1.1432 × 103. Thus, it is found that the radiations frequency ω is
100-1000 times of ω0, which indicates that the high frequency part of the radiation can reach the
frequency range of X-ray (1017Hz − 1018Hz).
IV. CONCLUSION
In this study, the angular distributions of Thomson scattering are researched in detail by a
electron moving in combined laser and magnetic fields. Firstly, the results show that the electron
experiences a helical-type periodic motion, which does not depend on the initial phase critically.
Furthermore, the angular distribution with respect to the azimuthal angle φ shows interesting shape
which is twofold symmetric. On the other hand, the spatial distribution of radiation with respect
to the polar angle θ consists of two lobes collimated in the forward direction, which are roughly
symmetric of the laser-propagating direction. The larger the resonance parameter n, the laser
intensity a and the initial axial momentum pz0 are, the closer the radiation distributes to the laser-
propagation direction. Accordingly, it is possible that radiation can be concentrated in the forward
direction if an appropriate set of parameters are chosen. Finally, the best angle of observation θmax
expediently can be figured out and the high frequency part of the radiation can reach the range
of X-ray. And at the best observation angles, the intensity of radiation can also be increased to
10 − 108 orders of magnitude.
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